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Fractional quantum Hall effect on the 2-sphere: a case study of
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Abstract. We make a case study of how a standard class of Hamiltonians for the fractional
quantum Hall effect (modelled in a spherical geometry) can be explicitly symmetry reduced
with respect to the full rotation group, and perform finite-size calculations for small particle
numbers.

1. Introduction

The discovery of the fractional quantum Hall effect (FQHE) [1] has revealed a new
interesting many body effect. At high magnetic field (B =5-30T) and low temperatures
(T <1K),atwo-dimensional system of electrons may exhibit plateaux in the transversal
conductivity o,,, accompanied by deep minima in the longitudinal conductivity o,,.
The plateaux are quantised to conductivities o, = ve’/h, with v a rational number,
and occur for fillings of the Landau levels around the corresponding fractions ». Thus
far one has observed plateaux, or precursive behaviour for development of plateaux,
at fractions v =1/3, 2/3 [11, 4/3, 5/3 [2], 7/3, 8/3 (3], 1/5[4], 2/5, 3/5, 4/5[2], 7/5,
8/5 (5], 1/7 161, 2/7 2], 3/7,4/7 [7],9/7, 10/7, 11/7 [5], 19/7 [8], 2/9 [9], 4/9, 5/9
(71, 13/9 [5], 2/11, 3/11 [9], 5/11, 6/11, 6/13, 7/13, and 5/2 [8]. The effect is only
observed in very pure and high mobility samples (u =0.1-7x10°cm® V™' s™"), most
commonly with the two-dimensional electron system being realised in an Al,_.Ga,As-
GaAs heterojunction, but also in Si-mMosFETs [10]. Also, systems with hole carriers
have been observed [2].

The constancy of o,, with the change of filling factor suggests an extraordinary
stability of the ground state at the particular fractional fillings. Laughlin [11] has
interpreted the ground state at filling factor v=1/m, m =3, 5, ..., as an incompressible
liquid of highly correlated spin-polarised electrons in the lowest Landau level, with
the elementary excitations of the system being fractionally charged quasiparticles (with
charge e* = +ve), separated from the ground state by energy gaps A.. This implies
that at these fillings there are cusps in the energy per particle, e(v)= E(N, B)/ N, as
functions of the filling factor,

o€ o€ 1

ov/,, ov/, v
which in turn explains the stability of the ground state. Moreover, the very precise
* Present address: Department of Physics, Temple University, Philadelphia, PA 19122, USA.
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quantisation of ho-x_‘,/e2 to the rational values v (observed accurate to 3 parts in 10°
for the 1/3 and 2/3 fillings) is explained as a consequence of the fractional charge of
the quasiparticles. The plateaux observed at the more complicated fractions is
explained as a hierarchy where the quasiparticles of one generation condense into new
incompressible states similar to the primary Laughlin states, and in turn create a new
generation of quasiparticles [12]. To date all observed fractions except the one at
v =5/2 (which is believed to be a spin-unpolarised state [13]) are in agreement with
the hierarchy picture, although there is now good evidence that some states with
1< v <2 may undergo phase transitions from fully spin-polarised to spin-unpolarised
states [14]. Also, the fractional charge of the quasiparticle excitations may have been
observed [15] to be in agreement with the hierarchy picture.

From a theorist’s point of view the FQHE represents a beautiful problem. At the
outset the model is essentially two dimensional, since the motion transverse to the
electron layer is quantised with an energy gap AE =20-50 meV «250-600 K, and thus
essentially frozen out at the temperatures T=<1 K which are actual for observing the
effect. Also, at the relevant magnetic fields the gap between two successive Landau
levels, #w.=10-50 meV <> 120-600 K, is sufficiently large that only the states in the
lowest unfilled Landau level are important. Finally, only the fully spin-polarised states
in this Landau level are believed to be essential for a qualitative explanation of the
effect. Quantitatively this approximation is considerably more doubtful, however, since
the spin-reversed states are separated by a gap A, =0.2-1 meV < 2-10 K which may be
comparable to the intralevel Coulomb interaction energies A,<4 K. In any case, by
projecting the model onto the lowest unfilled Landau level the model becomes essen-
tially one dimensional (although non-homogeneous, and with a non-local interaction)
and dependent on only one relevant parameter, the filling factor ». This makes the
model sufficiently simple that it may serve as a standard reference point, and inspires
a thorough analysis of it.

Despite the simplicity of formulation, and of parameter space, the model has an
extremely rich and interesting structure, exemplified by the exotic concepts as topologi-
cal quantisation [16], charge fractionalisation [11] and fractional statistics [17] which
have been associated with it.

At the same time, finite-particle versions of the model can be viewed simply as a
plain numerical problem of diagonalising finite-dimensional matrices. It can be used
as a theoretical laboratory where approximation methods and numerical calculation
techniques can be tested. The approach taken to the problem in this paper is mainly
from the latter point of view.

The ground-state properties, such as the ground-state energy per particle, of the
electron gas can be studied by calculations of a small number of particles. Also the
full excitation spectrum can be found. Finite-size calculations with a small number
of electrons have been performed (for further references see the book edited by Prange
and Girvin [18] and by Chakraborty and Pietildinen [19]). This is most easily done
by mapping the problem onto the surface of a sphere [20, 21], with the perpendicular
magnetic field created by a huge magnetic monopole at the centre of the sphere. The
advantage of this construction is that one need not choose any boundary conditions,
as one has to when the electrons are confined to a 2p Euclidean plane. Also, the
commonly used periodic boundary conditions are less convenient when a magnetic
field is present, basicly due to the more complex topology of a torus compared with
the surface of a sphere, and the fact that translations in the x and y directions no
longer commute with each other.
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The limitations of finite-size calculations are essentially set by the dimension of
the Hamiltonian matrix one has to diagonalise. For N particles at filling factor v the
full dimension of the Hilbert space is ("v*). However, by straightforward use of the
fact that J. is a good quantum number, the Hamiltonian decomposes into (configuration
interaction) matrices whose dimension behaves like [22]

C(N,1,J.=0)=[V3v/m(1—v)N]exp{—(N/v)[vInv+(1-v)In(1-2)]}

for large N. This dimension increases very rapidly with the particle number, limiting
N to about 10-12. However, since J is also a good quantum number, one may try to
utilise this fact to further reduce the dimension of the eigenvalue problems. For the
fully rotationally symmetric states this leads to a reduction in the linear dimensions
of the matrices by a factor which behaves like [22]

D/C =6v¥/[(1-v)N?]

for large N. Here D is the dimension of the J=0 Hamiltonian matrices. But it is
non-trivial to construct the latter matrices in an effective way. In fact, one might fear
that the numerical work required to construct the symmetry reduced matrices exceeds
the savings in diagonalising them. The main purpose of this work is to make a case
study of this symmetry reduction up to the (rather limited) case of N =4 particles,
relying heavily on analytic methods. Our conclusion is that there are definite savings
in the numerical work required, making it possible to cover a region of parameter
(N, v) space which would be very difficult to reach, even with the largest supercom-
puters, when working with the much larger configuration interaction matrices.

The rest of this paper is organised as follows. In section 2 we define the model
and show that regarding energy, many potentials are irrelevant when the Hamiltonian
is projected onto the lowest Landau level. This is basically due to the Pauli principle.
In sections 3 and 4 we consider the two- and three-particle cases for arbitrary potentials.
In section 5 we show how one can construct the minimal Hamiltonian matrix for four
particles with J =0 and set the stage for the numerical work. This is discussed in
section 6 along with some comments on our results. In appendix 1 we derive the
transformation between two equivalent ways of expressing the Hamiltonian in terms
of two-fermion operators. To evaluate matrix elements the commutator algebra of the
different two-fermion operators is useful. This we have derived in appendix 2. In
appendix 3 we explicitly evaluate the matrix elements required to construct the Hamil-
tonian matrix.

2. The model

The model system we want to study consists of N electrons confined to the surface
of a 2-sphere of radius R. The electrons move in a magnetic field B that is homogeneous
on the sphere, originating from a magnetic monopole with g =27R’>B/®, units of
magnetic charge located at the centre of the sphere. Here &,=h/e is the elementary
flux quantum. In second quantised language the pair interaction operator is

V=%J. d’Q &’ :p(Q) V(Q, Q)p(Q): (2.1)

where the number density operator is related to the fermion field operators as p{{}) =
Y(Q)¥(Q). We shall assume that the electrons interact via a rotational invariant
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potential, in which case it can be expanded in spherical harmonics

V(Q, Q)= V(cos 8) =), v, Pi(cos §)= Z vy Y (Q) Y, 0 (Q) (2.2)

2L+ 1
with 9 the spherical angle between { and €}’

When the magnetic field is sufficiently high we may simplify the model by projecting
the Hamiltonian onto the fully spin-polarised states of the lowest Landau levelt. The
field operators ¥({}) can then be expanded as

vQ)= Z 2, Y. (Q) (2.3)
m=—q

where Yj-;,")(ﬂ) are the monopole harmonics of Wu and Yang [23], and a,, is the
annihilation operator for an electron with angular momentum J, = am. Since

1/2 1/2
Y8, 0)= <2q+ 1) ( 29 ) cos?" ™ (36) sin? ™" (36) ¢! TV¢ (2.4)
4 g+tm

(in a gauge patch which is regular on the Northern/Southern hemisphere) this electron
will as g - o be localised to the region where cos 6 =m/q.

Inserting the expansions (2.2) and (2.3) into equation (2.1) we may carry out the
angular integrations. The integrals over products of three (monopole) spherical har-
monics [24] (Y Y$,” Y ) leads to the expression

V= ZWMZ (= nH CmCrom: (2.5)

where a, is related to the original expansion coefficient v, by

4g+1\ (4g+1\2g+1
- () (1) 3 ~
a=z 29 2q-L)2L+1"" (2.6)

and the C,,, are spin-L spherical tensors,
M= 2 (=1)""%ggmn|LM)aa_,

=y (—1)“‘"*"~/2L+1<q ¢ L )af,,a,, (2.7)
mn m - _M

with (%) a Wigner 3-j symbol. Notice that the factor (*4;')"'(377[) in (2.6) has the
effect of damping out the large-L components of the interaction potential. For large
g this factor behaves like exp(—L?/ q). This will essentially damp out all the components
with L=gq'/?>=R/Is, where Iy =(h/eB)"? is the magnetic length. This damping is
due to the fact that states in the lowest Landau level can only be localised to a region
- of linear extension lz. Thus, variations in the pair potential on shorter length scales
will be averaged to zero.

Due to this damping we may restrict L to the region L« g as g » . Therefore,
the asymptotic relation [25]

L [ 47
-1 M-n+gq /—2L+ q q )~
(=1) 1(m -n -M 2q+lP"M( x)

t As discussed in the introduction, with the field strengths used in experiments this may be a doubtful
approximation for the spin polarisation.
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is valid in this limit. Here Py {(x)= Y, M (6, & =0), with x=cos 8=(M +2n)/2q.
Thus, we may approximate

47
2q+1;PLM(x)an+Man (2.8)

Cim =

as g - .
The interaction (2.5) can be rewritten in terms of pair creation and annihilation
operators, defined as

L .
Ay =Y (ggmn|LM)a.a} =Y, (—I)MV2L+1(3! : _M>a;a',,

(2.9)
L
Ay =Y (qgmn|LM)a,a, = (—1)"‘\/2L+1(:1 : __M)a,,a,,l

m,n

These operators are by construction spherical tensors of rank L, as can also be verified
directly from their commutation rules with the angular momentum operators,

[-’z, A;.M] = MA:_M
[J::s ;.M] =\/(7L:F I\'I)(Li M+ 1) AZ,M::P

Using the symmetry properties of the 3-j symbols, and the anticommutation rule for
the fermion operators, we find

g 9 L i 2q+L(q q L)
(m n __M)aman ( 1) n m -M ana,

which implies that the A, ,, are non-zero only for L such that (-=1)*""=—1 (i.e. odd
L when ¢ is integer and even L when g is half interger).
To express the interaction operator in terms of A}, and A;,, we define

(2.10)

V= \/—Z_LTZ( I)M CLMCL M:
(2.11)
W, = \/21..—-0- Z ALM Aim.
As shown in appendix 1 we then have the relations
VL=X RLJW_, WL:Z RLJV_’ (2.12)
J J
where the transformation matrix R, is given by
L
Ry, =vOLFDQIFD) {q 1 } (2.13)
q9 9 J

with the object in curly braces a Wigner 6-j symbol. From the properties of the 6-j
symbols it follows that R, is a real, symmetric and orthogonal matrix. We thus have
two alternative ways of representing the interaction (2.5)

V=ZL:a,_V,_=;B,W, (2.14)
with a; =3, R ,B;, BL=2, Ry ,a,.

In addition to the electron-electron interaction we shall assume the presence of a
homogeneous neutralising background, of density N/47R”’, where N is the number
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of electrons. The electron-background and the background-background interaction
then gives an additional contribution to the Hamiltonian. This becomes —1v,N*? with
N =3,ala, the number operator. There is also another contribution to the Hamil-
tonian, coming from the kinetic energy of the electrons. This is equal to 1hw N =
(h2/2m*l )N for electrons in the lowest Landau level (with m™* the effective mass of
the electrons), but following similar treatments we shall not include it in our Hamil-

tonian. Thus, the model Hamiltonian we choose is

H=V-1y,N2 (2.15)

The canonical choice for interaction potential is the (3p) Coulomb interaction V(r)=
e’/4mer. Taking r to be the chord distance between two points on the sphere, r=
2sin(9/2)R, this is equlvalent to taking v; = e*/4melgq'’”.

Since the operators Alm and A;,, are identically zero when 2g+ L is an even
integer, the same necessarily holds for the W,. This means that only [q+3] of the
2g+1 potential operators V, are linearly independent. Any combination 2; a} V,,
where a; =X R, ,B, (with the sum restricted to such J that 2q + J is even), is identically
zero. Thus, there is a large class of irrelevant pair potentials which, as a consequence
of the Pauli principle, leads to no interaction at all when the model is projected onto
the lowest Landau level. The most obvious of these is the point interaction, V(Q, Q') =
8(Q, Q). However, the irrelevant pair potentials behave in general rather pathologi-
cally.

3. The two-particle states

To obtain a physical interpretation of the various quantities involved it is useful first
to consider the case of two particles. Let |0) denote the zero-particle state, defined
such that a,,|0)=0 for all m=—q, —q+1,..., 9. We can apply the operator A} , to
create a two-particle state. The commutation rules (2.10) implies that this state has
total angular momentum J?= L(L+1), and J. = M. The normalised state is

1 .
IL, M>=EAL,M1O>' (3.1)

Since L and M are good quantum numbers, and since this is the only two-particle
state with these quantum numbers, it must be an eigenstate of the Hamiltonian.
Furthermore, the energy is independent of M:

2B
TV2L+1

where the matrix element is calculated by use of the commutation rules in appendix 2.

As g oo this expression should be related to the classical energy between two
particles on the sphere. In this limit a state with angular momentum L must be a
superposition of configurations with constant spherical angle ¥, between the two

particles. Here &, must be the angle between two vectors ¢ that are coupled so that
L=g+gq,i.e.

(O|AL mALL AL ALMIO) =

EP=(L, M|V|L, M)=—%ZJ (3.2)

2.I+

L(L+1)-2gq(g+1)
2q(q+1)

cos &, = (3.3)
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We thus expect the two-particle energy to approach a classical value

E'?'=V(cos &)=Y, v,P,(cos &) (3.4)
J

as g, L» 0, Comparing this expression with equations (3.2) and (2.13), we must have

RL_]v_] = ’%V 2L+1 Z UJPJ(COS 19[_)
J

as g, L—» o0 (we have assumed that the potential behaves smoothly on the scale Iz, so
that we may set e™’”9=1 in the definition of a;). Thus, we should have R, =
[(QL+1)(2J+1)]1"2P;(cos 9,.)/(2q+1) as q, L-> . Indeed, this relation follows from
the asymptotic behaviour of the 6-j symbols [25], with precisely the definition (3.3)
for cos #;. The quality of the asymptotic relation (3.4) is tested in figure 1 for the
Coulomb potential when 2g+1 = 100.

vie)

o o 1-0....175.. .2.0. .245....31—r.0

Figure 1. The effective two-particle potential as a function of the spherical angle 8. The
full curve is the classical potential. The broken curve is the energy as calculated by (3.2),
and with the angle calculated by (3.3).

The quantities E{?’ = —28,/v/2L+1 are related to the pseudopotential coefficients
V., of Haldane and Rezayi [20] by E{' = V,,_,.

From the relation 8, = —3vV2L+1 V(cos 9,) it follows that V(cos &,) will oscillate
wildly if it is an irrelevant potential (so that every second B; becomes zero). The
presence of the smoothing factor exp(—J°/q) in the definition of «, requires the
irrelevant potentials to be even more pathological.

4. The three-particle Laughlin states

The spherical analogues of the Laughlin-Jastrow (L)) wavefunctions exist for the
combinations g =3m(N —1) of magnetic charge g and particle number N [20]. Here
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m is an odd integer. The corresponding filling factor is

N m™!
2g+1 1-(1-m™")/N

]

v (4.1)

which differs considerably from the limiting value m ™' for small particle numbers. For

N =2 these are the L =0 states which exist whenever g is half integer. For N =3 such

states exist whenever g is an odd integer, and they are then exact eigenstates of the

Hamiltonian, because they are the only rotational symmetric three-particle states.
The spin-zero three-particle states can be constructed as

W)= CE (A 0=C T (2 T Naaa, 42

where C, C are normalisation factors. To calculate the energy of this state the following
commutators are useful:

L .
[a_,,,A;_,M]=6LZ("1)MV2L+l(__qn Z )a;

-M
(4.3)
ns .\ ~ -n a -M a
where 6, =1-(~1)*"", Utilising these commutation rules, one finds
YY) =6(2g+1)C? 4.4)

(P |W, W)= -36(2g +1)C?5,,

which leads to an energy which is precisely the sum of three equal pair-energies,

(3) _ _ Bq _ (2)
Ei'= 6\/_2_q+—1_3E” . (4.5)
The value of the pair energy corresponds to an angle 9, =cos™'(—3) =27/3 between
the electrons. This is the appropriate value for the three electrons to be as far apart
as possible, being evenly placed around a great circle. Such a simple relationship
cannot be expected to hold for general N, but it can be used as a starting point for
an estimation of energies for up to N =32 electrons [28].

5. The four-particle spin-zero states

We may also use the two-particle operators (2.9) as building blocks when constructing
states with higher (even) particle numbers. In particular the four-particle spin zero
states can be constructed as

J
D= T (-1-A5,AL 0. (5.1)
These states are not all linearly independent, because there exist only of order q/3
linearly independent four-particle states with zero angular momentum [22], while there
are ¢ non-zero states |J). This fact is reflected in the large degeneracy of their scalar
products (calculated in appendix 3),

(L|J)=26,6,vQRL+1)2J+1)[1+2(-1)"R],, (5.2)
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where R is the matrix defined in equation (2.13). Due to the 6 factors it is at this
point convenient to split R; ; into an odd and an even part (depending upon whether
the indices L, J are odd or even),

R., R._

R=<R_+ R__)' (5.3)
From sum rules for the 6-j symbols [26] it follows that

R =1 RPR = PRP (5.4)
where P is the parity matrix (; ). These relations imply that

(1-R,,)(1+2R,,)=0 (1+R__)1-2R__)=0 (5.5)
from which it can be read that the operators

=3(1+2R..) Q=3(1-R..) (5.6)

respectively

P=}1-2R_)) Q=¥1+R_)) (5.7)

are projection operators (in the even, respectively odd, parity subspace) onto the
subspaces corresponding to eigenvalues 1 and —3, respectively —1 and 1.

To construct an orthonormal basis of spin zero states we first (when 2q is odd)
find an orthonormal set {x{*’} of eigenvalue-1 eigenvectors for R, ., or (when 2q is
even) find an orthonormal set {x{*’} of eigenvalue —1 eigenvectors for R__. The states

=Y L .8
o) =% 24(2L+1)XL| ) (5.8)
then form an orthonormal basis of J>=0 states. The number D of these states are
[22] D=(k, k-1, k, k, k, k) when 2q=(6k—3, 6k—2, 6k—1, 6k, 6k+1, 6k+2).
To generate the basis vectors x{°’ we may utilise that (when 24 is odd)

Py, —ZX xe
with the matrix indices restricted to be even, L, J=2g9—1, 2¢—3,.... This implies

that xi''= P,y 1 /vVP, 1., is a normalised eigenvector, and that PU =P, —xPx
is a projection operator onto the subspace orthogonal to xy'". Furthermore, the matrix

elements P{) are non-zero only when L, J=2g-3, 2g-5,.... Thus, we may define
xP=Py, 3, /VP, 3,,5, and construct the next prOJectlon operator P{)=

PP —x{¥x5. By repetition of this procedure a complete orthonormal basis is construc-

ted. The last basis vector generated in this way, x'?’, will correspond to the four-particle
Laughlin state,

(4) (D)
n= Zm 'Ly (5.9)

when 2g =6k -3,
We further need to calculate the matrix elements of the interaction operator (2.5).
In appendix 3 we find

—V2K+ (L W |Jy=46,0,0xvVCZLF DT+ D[1+2(=1)*R],«[1+2(=1)*R]x,
from which it follows that

—V2K + Ka|Wg[B)=60kxi x¥E.
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That is

<aIV|B>——12Z\/——- X xE (5.10)

where the sum is restricted to such K that 2g+ K is odd.

Explicit calculation of the coefficients Bx and the basis vectors x'’, and the
diagonalisation of the D x D Hamiltonian matrix now has to be done numerically.
This we discuss in the next section.

6. Numerical results and discussion

Since we have made use of the exact properties of the matrix R;; when constructing
the projection operators P, P,;, from which the basis vectors and the Hamiltonian
matrix is constructed, the numerical calculation of this matrix is the most crucial part
of the computation. As a test of the accuracy of the projection property we have
computed

()= |]P2—P]|mEn}3x|[P2—P],__,]
and (6.1)
0'2(‘1)25 ||P2—P"2E§,{[P2“P]u}2

and the similar quantities with P - P. Computing the R,, in an essentially straightfor-
ward way, by evaluating the explicit summation formula for the 6-j symbols, both
o.(q) and o,(q) grow exponentially with g, approximately like exp(gq/3) with a
prefactor of about 107'7. This limits g to about 85 [29].

The algorithm for constructing basis vectors can then be tested by computing

and 52(q)ZEZ{PLJ_ZX(a) (rx)}
LJ
(6.2)

and the similar quantities with P> P. We have found that the size of these quantities
are essentially proportional to the o(q), which indicates that our algorithm for con-
structing basis vectors from P or P is numerically stable. Finally, diagonalisation of
the Hamiltonian matrix is done by a standard numerical package. Since the dimension
D of our matrices are quite low (D <28 for g < 85) this step does not seem to pose
any numerical challenge.

Further, as an overall check the numerics may be tested against some exactly
solvable models.

(a) v, =6.4. The corresponding values of a, and B; are

8<(q)=max | P, - Zx““ &

1 BJ _l q q J _1
a,=3(2q+1)8,, m—z( 1){ q 0}— 3. (6.3)

This case corresponds to a constant pair-interaction potential. Thus the interaction is
essentially the square of the particle number operator N.

V=LN?=}N?=N). (6.4)
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(b) vy =8,,. In this case we have that

ap = \/—(2q+1)_‘5l_|

(6.5)
J 1
v e M e e T

which corresponds to a pair interaction V =cos 9. In appropriate combination with
the constant potential (6.3) this may be considered as a spherical analogue of the
harmonic pair interaction. The interaction can be written

1
=W[J2—q(q+1)N] (6.6)
where J is the angular momentum operator, from which the spectrum can be read out
immediately.

(¢) vy =2L+1. This corresponds to V(£), )< §(2~Q"). Due to the Pauli prin-
ciple two electrons of the same spin polarisation cannot be in the same position. Thus,
this interaction belongs to the class of irrelevant potentials, V=0.

With the Coulomb interaction we choose to measure energy in units of e”/4wely.
Analytic results are available at g =3 (since this corresponds to a filled Landau level,

v=1),
2“"“<4q+1)“ 32\[
1)=- = 6.7
fW=="77\ 2 35 (6.7)
and at g =3 (since this is related to the two-particle case by particle-hole symmetry+),
212 \/E
2/3)=———1/= 6.8
e(2/3) = 21 (6.8)

Also, the g =3 case can be compared (numerically) with the three-particle Laughlin
state, again by use of particle-hole symmetry. The particle-hole symmetry relation is

vle(v)—e(D)]=(1~v)[e(1-v)-e(1)] (6.9)

as can be deduced by rewriting the Hamiltonian (2.15) in terms of hole creation and
annihilation operators. To avoid finite-size corrections it is essential that all energies
are evaluated at the same value of g, and that the correct definition (4.1) of filling
factor is used.

In table 1 we summarise the numerical results for the lowest energy J =0, N =2,
3 and 4 states, as well as their charge-conjugated states, for g<9. It is in perfect
agreement with the relations imposed by particle~hole symmetry, the exactly calculable
cases, and with the N =3, g=3, 5 and N=4, g=3, ¥ results of Fano et al to all
decimals given in their paper [21].

In table 2 we list the energies of the lowest J =0, N =4 states, as well as the energy
gaps to the first excited J =0, N =4 states. The g values chosen belong to the set for
which a spherical analogue of a Laughlin state, ¥{*, exists. In the second and third
columns we list the linear dimensions of the eigenvalue problems to be solved if one
makes a full symmetry reduction as in this paper (D(q)), or works with the configuration
interaction matrices (C(g)). As can be seen, the difference is quite formidable, in

T The energy per particle is £ = —(6¢ +1)/[(8g+2)vg] for the J =0, N =2 state.
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Table 2. Energies per particle £(g) of the lowest lying J =0, N =4 states, and the gap
A(q) to the first excited J = 0 state, for some g values at which the spherical analogues of
the Laughlin states exist. The dimensions of the matrix eigenvalue problems when making
a full symmetry reduction (D(q)), or only block diagonalising J. (C(q)) are also shown.

q D(q) Clg) e(q) Alq)

10.5 4 241 —0.323 084 2580 0.010 789 2038
16.5 6 956 -0.260 758 1027 0.006 739 0283
22,5 8 2451 —0.224 533 6079 0.004 540 3806
28.5 10 5014 —0.200 143 0331 0.003 251 9259
34.5 12 8933 ~0.182 289 5696 0.002 467 2199
40.5 14 14 496 —0.168 493 7978 0.001 952 3249
46.5 16 21991 —0.157 420 1196 0.001 593 8741
52.5 18 31706 —0.148 277 0491 0.001 3327972
58.5 20 43929 —0.140 561 832 0.001 135 802
64.5 22 58 948 —0.133937 76 0.000982 88
70.5 24 77 051 -0.128169 8 0.000 861 4
76.5 26 98 526 —0.123 088 0.000 763

82.5 28 123 661 -0.118 56 0.000 67

particular when taking into account that the diagonalisation time grows like the third
power of the matrix dimension. However, the region of parameter space covered is
not of the highest physical interest, and the main purpose of the data in table 2 is to
provide accurate answers to a well defined standard problem, on which other numerical
algorithms (e.g. the Lanczos method) can be tested.

In figure 2 we show the strong correlation between the energy for the lowest J =0
state, E/ N, and the total number D(4, 0; g) of such states. Each time ¢ increases by
3 a new J =0 state is introduced, and this appears to become the new ground state
(cf figure 3). This new state is introduced at q values of 3, 3, ..., i.e. at precisely those
q values where the spherical analogues of the Laughlin states exist. The stability of
these particular filling factors is further enhanced because the new state temporarily
disappears when g is increased by 3. Note that there also are cusps in E/N at g =3,
6,.... This is the sequence predicted for the first hierarchical levels, g=
sm(N —1)£3(1+ N/p), with p=2 and m an odd integer (and N =4). In figure 3 we
show the energy levels appear to lie on fairly smooth trajectories as g is varied, with
the cusps that appear being due to the occurrence of new trajectories.

In figure 4 we have plotted the energy gap between the lowest and the first excited
J =0 states. Perhaps contrary to expectation this gap is not the largest at the particular
fractions g =2, 5, .... The reason for this can be read from figure 3. As a new state
is introduced and becomes the new ground state, the previous lowest energy J = 0 state
becomes the new first (J = 0) excited state. In summary, the main content of this paper
is as follows.

(i) We have studied the symmetry reduction of a standard class of FQHE Hamil-
tonians defined on the 2-sphere, with respect to the full rotation group, and we have
explicitly considered the simplest non-trivial case. As we have shown the analytic
work can be carried out quite neatly and completely in this case. The remaining
numerical work was easily done on a personal computer. In comparison we think the
parameter range we have covered by this method would be very difficult and time
consuming to handle even on the largest supercomputers without the symmetry reduc-
tion. Anadditional advantage is that the most time-consuming part of our computation,
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Figure 2. The correlation between the lowest J = 0 energy per particle, E/ N, and the total
number of J = 0 states, D(4, 0, ). The indicated g values at which a new state first appears
correspond to the spherical version of the Laughlin sequence, g =im(N —1), with m an
odd integer. The additional cusps which appearin E/N at g =3, 6, ... fit with the sequence
for the first hierarchical levels, g =im(N - 1) 41+ N/p), with p =2 and m an odd integer.
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v
Figure 3. The energies of the lowest and the three highest J =0 states, for four particles
on the sphere, as function of the filling factor. The energy levels appear to lie on fairly
smooth trajectories as g is varied.
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Figure 4. The energy gap between the lowest and the first excited J =0, N = 4 states. Some
particular fillings at which a Laughlin state occurs are indicated with arrows.

which is the numerical calculation of the matrix R,, and the basis vectors x{*’, only
has to be done once (for each value of q), regardless of the type of interaction potential.
(ii) We have provided accurate answers to a standard case problem, against which
numerical algorithms not involving symmetry reduction can be tested in a non-trivial
way.
(iii) Somewhat to our surprise there is, even at the very low particle number
considered by us, clear evidence for the existence of particularly stable states when

the magnetic monopole charge g=3, %,....

Appendix 1. The transformation matrix

We have defined

1 L "
V= L DY CnCiue (Al.1)

Inserting C, s from (2.7) we get

Mmnm'n’ m —-n ~-M m -n M

Vi=V2L+1 Y (—I)M”"_"_"'(q 1 L)(q 1 L):af,,a,,af,,ra,,/:.
(A1.2)

Normal ordering the fermion operators to the form a,,a,, a,a, yields a minus sign.
Further, inverting the definitions (2.9) by use of the orthogonality relation for the
Wigner 3-j symbols [26]

9 9 L\(q g L)
2L+ =
T 1)(m ; _M)(r C ap) =B (A13)
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the products a,.a,,, respectively a,a,, can be expressed in terms of AL:, respectively
AJ',.IL)

ama,=-Y (-HMV2L+1 < 9.9 L )ALM

LM m n —-M
(Al1.4)
+ o M a4 9 L *
a,a,= Z (‘1) 2L+1 ALM'
LM m n -M
This leads to the expression
Vi=V2L+1 ¥ (=D)~QRIFDRT+1) A}, Ay,
AV A
o \Me2qen-nf 9 9 T )( g L q)
XMm;m'n'( b (m’ m —-J/\-m M n
L g q)(t] g J )
. Al5
x(—M -m' n'J\n n -J, ( )
The last sum over the four 3-j symbols gives the factor [26]
=8y 5.8, {q q L}
2J+1 g q J)
From this it follows that V, =X ,R,,W,, with
L
R, =VOLFINT+1) {q 1 } (AL6)
q9 9 J
and W, as defined in (2.11).
Appendix 2. The commutator algebra
We have defined the two-fermion operators
L
Aw==X (-D"VILF1 (; Z _M)a,,,a,,
N . L I
Alm=Y (-)MVILFT ( 74 )a;na; (A2.1)
mn m n -M
L
CL,M=Z(_1)M_"+"\/2L+I<q 9 )afnan-
mn m -n —-M
The operators (—=1)A, _,,, Ajr and Cia, M=—L, ..., L all transform under rota-

tions as the components of a spin-L multiplet. Note that Arn and A}, are identically
zero when (—1)**** =1, due to the symmetry properties of the 3-j symbols. These
relations may be inverted to (A1.4), and

. L
aha, =Y (-1)M*"a/3LFT (:1 1 )CLM. (A2.2)

M -n -M
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To calculate the commutators we first find directly from (A2.1)

[ALM,A;N]= Z (—1)M+NV(2L+1)(21+1)

mnrs

9 9 L\(q ¢ J) NN
><<m " _M><r s -N [a.a, ana,]

next we use the canonical anticommutation relations to obtain
LR + + + +
[arasa aman] = 6msaran - 6nsaram + Bnrasam - 6mrasan + 5mrans - 6ms‘snr

and use the relations (A2.2) to express the a’a in terms of Cxr. We are then left with
sums over products of two or three 3-j symbols, of the form

L J
RCTER (S | G B W

and

\MaN+Ren—qf 4 4 L)(Q q J)(fz q K)
mEn:r:(l) (mn—Mrm—Nr—n -R

_ —1)L+N{L J K}( L J K>
= g 9 gJj\-M N -R

with the object in curly braces a Wigner 6-j symbol. Collecting terms, and repeating
the above procedure for the other commutators as well, we obtain

L J K
(A, AlN] = 01.91{%3LJ5M1\'‘*'Kz':a (-t LJK(_ _R>CKR}

M N
J
[CLMaAJN]=61 Z ('1)L+K+Nfux< R>AKR
KR
J K (A2.3)
[CLM,AjN]=_oJ Z (‘1)L+K+R LJK( R)AKR
KR
- L K
[CLM,CJN]=_Z[1_( I)LH K]( 1) fLJK(M ].:, _R>CKR
where 8, =[1-(-1)*"], and
fLJK=\/(2L+1)(2J+1)(2K+1){2 / Iq(}

The Lie algebra (A2.3) is just a particular way of writing the so(4g +2) algebra of
the bilinears in a, and a,. It contains many subalgebras. Of particular interest is the
su(2) quasispin algebra which exists whenever g is half integer. We have made a
quasispin analysis of the class of models studied in this paper [27].

Appendix 3. Four-particle matrix elements

We have defined the four-particle spin-zero states

lJ>=N:Z~J (—DNAINAT N0 (A3.1)
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where |0) is the zero-particle state. To evaluate the scalar product

(LI =% (=DM "(0|AL - mALMAINAT-~|0) (A3.2)

MN
we first commute the rightmost annihilation operator A;,, to the right, using the
commutator algebra (A2.3). That is, we write A, yAjn = AJnALn +[ ALy, AjN], Which
gives two terms.
In the first term we may replace A,_MA},_N with their commutator, since A, s gives
zero when operating on [0). Furthermore, this commutator may be replaced by

36,8,8, 85 _ v, since the remainder contains a Cxr which also gives zero when operating
on |0). Thus, the first term leads to the expression

Y (=DM N56,0,8,,00m - ~n{O0lAL_mAINIOY=(2L+1)6,6,5,,. (A3.3)

MN
Now we turn to the second term. This becomes
<0|AL.——M[ALM9 AjN]Aj_—NI()) = %oLBJBLjsMN<0|AL,—MA+J,—N|0>

(L J K

+6,6 —1)trN
LJZ( ) LIK _M N _R

KR

)AL s Cunts w10
when inserting the commutator from (A2.3). In the second of these two terms we may

replace CKRA;_N with their commutator, since Cxr gives zero when operating on |0).
This gives a contribution

Y (—1)”*'”9Le,,;2(—1)“%,<( L7 K)

MN —M N “‘R
. K J H
><—OJ§S(—1)’”” SKJH(R _N _S><OIAL,_MALs|0>
. L K
:GLJZ(__I)AI+K(2K+1){ d }{J L K}:eu{q 9 L}
I3 g 9 g9)Jlg q gq q9 g9 J

where in the last step we have used a standard sum rule for 6-j symbols [26] and
6,,=46,6,2L+1)2J+1)(-1)"-. Collecting the three contributions, we get

(LIJy=26,6,vQL+1)2T+1)[1+2(-1)"R].,. (A3.4)
Now we turn to the matrix elements
-V2K+ 1<L‘ Wy |J> = Z (_1)M+N<0|AL,~MALMALRAKRAjNAj,—N|0> (A3-5)
MNR

which we evaluate by the same technique as above. We first commute the operator
Axr two places to the right, obtaining three terms:

Z (‘1)M*N6J6K {%SKJ‘SRN«)IAL.MALMA.;<RA3,vN|O>+ (N<~N)

MNR

K J H

+ _1 K+N <
HZG( ) KJH -R N —-S

)<0|AL.-MALMA7<R ChsA) - N|0>}'
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The first two of these are similar to the expression in (A3.2), and lead to a contribution
46,0,0,[(2L+1)(2J +1)][1+2(~1)¥R].,8,x. In the last term we may replace
CusAj _n by their commutator, obtaining a contribution

K J H)

M+K
Y (=D o,erK,H(_R N —s

MNRHS

+ H J G .
x =Y 6,(-1)"7o"T HJG(S N T)<0|AL,—MALMAKRAET|0>-
GT - -

Due to rotation symmetry the matrix element which remains to be evaluated is non-zero
only when AkrAGr can be coupled to an angular momentum zero operator. This
requires G=K and T =—R, and leads to the same matrix element as in (A3.2), e.g.

Y (=DMT0|AL AL mAKkrAGTIO)
MT

=26,0,VRLF1D)RK +1) [1+2(-1)*R] x8xcPr -1

The sum over the remaining factors is independent of this expression, and gives a
factor (—1)%26,6x[(2J+1)/(2K+1)]"?Rg,. Thus, the last term becomes
8(—1)%6,6,6[(2L+1)(2J+1)]"/’[1+2(—-1)XR], xRk,. Collecting all terms we finally
get

—V2K F1(L| W l|J)
=460,0,0cvOL+ DT+ 1D [1+2(-1)*R] .k [1+2(=1)*R]x;- (A3.6)

References

[1] Tsui D C, Stormer H L and Gossard A C 1982 Phys. Rev. Lett. 48 1559
[2] Stormer H L, Chang A, Tsui D C, Hwang J C M, Gossard A C and Wiegmann W 1983 Phys. Rev.
Lert. 50 1953
[3] Mendez E E, Chang L L, Heiblum M, Esaki L, Naughton M, Martin K and Brooks J 1984 Phys. Rev.
B 30 7310
[4] Mendez E E, Heiblum M, Chang L L and Esaki L 1983 Phys. Rev. B 28 4886
[5] Clark R G, Nicholas R J, Usher A, Foxon C T and Harris J J 1986 Surf. Sci. 170 141
[6] Goldman V J, Shayegan M and Tsut D C 1988 Phys. Rev. Lett. 61 881
[7] Chang A M, Berglund P, Tsui D C, Stormer H L and Hwang J C M 1984 Phys. Rev. Lett. 83 997
[8] Willet R, Eisenstein J P, Stormer H L, Tsui D C, Gossard A C and English J H 1987 Phys. Rev. Lett.
59 1776
[9] Maillett J R, Clark R G, Nicholas R J, Willett R, Harris J ] and Foxon C T 1988 Phys. Rev. B 38 2200
[10] Kukushkin | V and Timofeev V B 1986 JETP Lett. 44 228
[11] Laughlin R B 1983 Phys. Reuv. Lett. 50 1395
[12] Haldane F D M 1983 Phys. Rev. Lett. §1 605
Laughlin R B 1984 Surf. Sci. 141 11
Halperin B 1 1984 Phys. Rev. Lett. 52 1583, 2390(E)
[13] Eisenstein J P, Willett R, Stérmer H L, Tsui D C, Gossard A C and English J H 1988 Phys. Rev. Lett.
61 997
[14] Clark R G, Haynes S R, Suckling A M, Mallett ] R, Wright P A, Harris J J and Foxon C T 1989 Phys.
Rev. Lett. 62 1536
Eisenstein } P, Stormer H L, Pfeiffer L and West K W 1989 Phys. Rev. Lett. 62 1540
[15] Clark R G, Mallett J R, Haynes S R, Harris J J and Foxon C T 1988 Phys. Reuv. Lett. 60 1747
[16] Thouless D J 1987 The Quantum Hall Effect ed R E Prange and S M Girvin (New York: Springer)
[17] Leinaas J M and Myrheim J 1977 Nuovo Cimento B 37 1
Halperin B 1 1984 Phys. Rev. Letrt. 52 1583, 2390(E)



204 R Sollie and K Olaussen

[18] Prange R E and Girvin S M (eds) 1987 The Quantum Hall Effect (New York: Springer)

[19] Chakraborty T and Pietildinen 1988 The Fractional Quantum Hall Effect (New York: Springer)

[20] Haldane F D M and Rezayi E H 1985 Phys. Rev. Lett. 54 237

[21] Fano G, Ortolani F and Colombo E 1986 Phys. Rev. B 34 2670

[22] Olaussen K and Sollie R 1989 J. Phys. A: Math. Gen. 22 171-83

[23] Wu T T and Yang C N 1976 Nucl. Phys. B 107 365

[24] Wu T T and Yang C N 1977 Phys. Rev. D 16 1018

[25] Edmonds A R 1957 Angular Momentum in Quantum Mechanics (Princeton, NJ: Princeton University
Press)

[26] Brink D M and Satchler G R 1968 Angular Momentum (Oxford: Clarendon)

[27] Sollie R and Olaussen K 1989 Fractional Quantum Hall Effect on the 2-sphere: A Quasispin Analysis
preprint May 1989

[28] Sollie R 1989 Rev. Bras. Fis. 19 424

[29] Sollie R 1989 PhD Thesis, University of Trondheim-NTH



